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Introduction
A great deal of experimental work has been done on hyperfine structure and isotope shift of neutral zirconium [1] but only a few measurements concerning these two topics have been achieved so far for Zr II. Regarding Zr II oscillator strength determinations many studies were performed in the past: Corliss and Bozman, using an arc as a light source, were the first to give experimental values of 321 Zr II line oscillator strengths [2] . Two decades later Biémont et al. [3] , recurring to lifetimes and branching fractions, reported also 31 line oscillator strength values. Radiative lifetimes of 16 odd levels belonging to the lowest Zr II configurations have been measured by Malcheva et al. [4] , using a time-resolved laser induced fluorescence technique with a single-step excitation. This team extended this study since it reported also transition probabilities for 243 transitions combining experimental data with pseudo relativistic Hartree-Fock calculations taking into account core-polarization effects. In the same year Ljung et al. [5] gave oscillator strength values for 263 Zr II lines in the spectral range 2500-5400 Å through two steps: taking advantage of line intensities measured with the Lund Fourier Transform Spectrometer they first derived branching fractions. Afterward they combined the latter with lifetimes obtained by Biémont et al. [3] and deduced oscillator strength values. Theoretically Bogdanovich et al. [6] , having recourse to the superposition-of-configuration method, computed oscillator strength values. In the present work, we propose to compare experimental data available in literature to computed values obtained by two semi-empirical approaches, based on a parameterization of the oscillator strengths and on a pseudo-relativistic Hartree-Fock model including core-polarization effects.
It is worth reminding that the accurate determination of spectroscopic parameters in singly ionized zirconium is of great importance in astrophysics since Zr II lines have been detected in many different types of stars, such as e.g. the Ap stars of the Cr-Eu-Sr subgroup [7, 8] or the Bp stars of the Hg-Mn subgroup [9] . Zr has five stable isotopes, namely 90 Zr, 91 Zr, 92 Zr, 94 Zr and 96 Zr, the first four being only made by the slow neutron capture process (s-process), while the fifth one being made by the rapid process (r-process). There also exist 15 shorter lived isotopes and isomers. Singly ionized zirconium has also been investigated in the context of the Zr abundance in the solar photosphere [3, 6] . Moreover, using a limited set of accurate oscillator strengths, Sikström et al. [10] were unable to resolve the anomaly existing in the HgMn star χLupi observed using the Hubble Space Telescope between the zirconium abundance deduced from weak lines of Zr II at optical wavelengths and strong Zr III lines in the UV region in the framework of the Local Thermodynamic Equilibrium (LTE). Although, according to these authors, the difference is probably mainly due to non-LTE or diffusion effects rather than to uncertainties affecting the oscillator strengths, an extended set of reliable transition rates in these ions is highly needed for investigating this problem in a more detailed way.
Oscillator strength parametrization method

Fine structure analysis
For semi-empirical approaches, such as the oscillator strength parametrization method, the determination of very accurate eigenvectors of the two levels of each studied transition is of paramount importance: we have to transform angular coefficients of the transition matrix from SL coupling to intermediate one by means of fine structure (fs) eigenvector amplitudes. Here, L and S represent, respectively, the total angular momentum and the resulting spin quantum numbers for a system of electrons. Sometimes the fine structure analysis is not easy to achieve because there are not enough experimental energy levels to fit in order to determine Slater integrals, spin-orbit constants, configuration-interaction parameters, two-body parameters, etc. Sometimes also the level assignments previously published are questionable.
The Zr II fs was initiated by Kiess [11] and extended by Moore [12] . Meggers, Corliss, and Scribner collected in 1975 the previous data in NIST compilation [13] . Some years ago we studied the three lowest even-parity configuration fs, gathering 37 levels in the model space (4d þ5s) 3 [14] . This time we consider a bigger set of configurations: 4d 2 5s, 4d 3 , 4d5s 2 , 4d 2 6s, 4d 2 5d, 4d5p 2 and 4d5d 2 . À 640 À 2100 4d The fs least square fitting procedure has been carried out over all even-parity levels available in literature up to 66,000 cm
. With 42 parameters, 12 of which were treated as free, an excellent fit has been achieved. Table 1 contains the values of fs radial parameters obtained thanks to the fitting procedure. When fs parameters are given without uncertainties this means that these parameters were given simply ab initio values or were deduced by links with other parameters thanks to ab initio ratio of the corresponding parameters. Let us add that values of some parameters, although predicted by theory but expected to be small in this study, were fixed to zero and then are not listed in this table. In Table 2 2 . Usually odd-parity level fs analysis is rather more difficult to perform than even-parity level one, due to presence of very complex mixing concerning odd-parity configurations: in this case the levels of 4d5s5p overlap levels from both the 4d 2 5p and 5s 2 5p configurations.
Furthermore, Zr II odd-parity level fs has never been experimentally studied during these last 6 decades. We decided to fit 65 levels, whose energies do not exceed 60,000 cm À 1 for many reasons: we planned in this work to study oscillator strengths of transitions linking mainly levels of the two lowest odd configurations even if for determination of eigenvector level compositions we need to consider a set of the 6 lowest configurations. Moreover, there are experimental Landé-factor values only up to 55,000 cm -1 for each J-matrix. In absence of g J value it is more difficult to assign levels. At least if there are hyperfine structure or/and isotope shift data we can compensate these deficiencies. In this study the following configurations are involved: 4d 2 5p, 4d5s5p, 5s 2 5p, 4d 2 6p and 5s 2 6p.
We give in Table 3 the fs parameters for this set. In Table 4 we give for the first time calculated eigenvalues, resulting LS-percentage of first and second components of the wave functions, the corresponding LS-term designations and calculated Landé g J -factors, recurring to the level eigenvector composition.
Oscillator strength and transition probability determination
As in case of our previous study devoted to Hf II [15] we looked first into electric dipole transitions. We had recourse to a semi-empirical method for parameterization of oscillator strengths. The complete details of this method were described for the first time in a paper presented by Ruczkowski et al. [16] ; nevertheless let us mention once more that we transformed angular coefficients of the transition matrix from SL coupling to intermediate one, using the determined fine structure eigenvector amplitudes.
For the electric dipole transitions, the weighted oscillator strength gf is related to the line strength S [17] :
where a 0 is the Bohr radius, σ¼|E(γ)-E(γ 0 )|/hc and h is Planck's constant. Let us point out that E(γ) is the energy of the initial state. The quantities with primes refer to the final state.
The electric dipole line strength is defined by
The tensorial operator P 1 in the reduced matrix element represents the electric dipole moment. For multiconfiguration system, the wavefunctions |γJ4 and |γ 0 J 0 4 are expanded in terms of a set of basis functions
The square root of the line strength may be written in the following form:
From Eqs. (2) and (4), we can express the gf-values as a linear combination:
and the sum is over all possible transitions (ns2n 0 p, nd2n 0 p) and presently studied for odd-parity levels. The weighted transition probability is [18] gA
where σ is given in cm -1 and S in atomic units of e 2 a 2 0
Using Eqs. (1) and (6) one obtains in s -1 :
As regards determination of radial transition integrals one can notice that our method differs totally from the Kurucz's one. Kurucz [19] uses Thomas-Fermi-Dirac method to compute transition integral values. In many approximate methods, the statistical one founded by Thomas and Fermi and later modified by Dirac is sufficient to treat problems concerning bulky properties of the atom and is very useful, especially for the atoms or ions with large atomic number. This is unfortunately not the case of Zr II which is a medium Z (¼ 40) element.
Here we have recurring to Eq. (5) where beforehand we computed angular part of the electric dipole moment with [20] . We give the main extracted values in Table 5 . The values of the six remaining integrals are fixed to zero since they do not play any influent role in fitting procedure and then are subject inevitably to high uncertainties.
Pseudo-relativistic Hartree-Fock calculations
In order to assess the reliability of the results obtained with the oscillator strength parametrization approach, a second method was used for modelling the atomic structure and computing the radiative data in Zr II. This latter was the pseudo-relativistic Hartree-Fock (HFR) method, originally described by Cowan [18] and modified for taking corepolarization effects into account (HFRþCPOL, see e.g. [21, 22] ). For the present calculations, we adopted the same model as the one used in our previous study dedicated to the same ion [4] ) and the spinorbit parameters (ζ nl ) together with the effective interaction parameters (α, β) corresponding to these three configurations.
For the odd parity, the 68 experimental levels taken from the same compilation were used to optimize all the radial parameters, including the interaction configuration integrals (R k ), corresponding to the 4d5s5p and 4d 2 5p configurations. The standard deviations of the fitting process were found to be equal to 46 cm À 1 for the even parity and 177 cm -1 for the odd parity. The numerical values of the radial parameters adopted in our HFRþCPOL calculations are given in Table 6 . All the other electrostatic integrals (not adjusted in the semi-empirical process) were reduced to 80% of their ab initio values, as suggested by Cowan [18] , while the spin-orbit parameters were kept to their ab initio values.
Results and discussion
The radiative lifetimes computed using our HFR þCPOL model for all the 68 experimentally known odd-parity energy levels in Zr II were already reported in a previous paper [4] . In the latter, it was shown that an overall good agreement, within about 15% on average, was reached when comparing our results to available experimental data, if we except the y 2 F 7/2 level at 37,787.59 cm À 1 , the z 4 P 3/2 level at 38,133.50 cm
, the x 2 P 3/2 level at 45,568.21 cm À 1 for which unexplained larger discrepancies (up to a factor of 3) were found. In view of this general good agreement, we can expect the calculated HFR þCPOL radiative transition rates to be accurate to within 15-20% 
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at least for most of the strongest lines. In Table 7 , we give the oscillator strengths computed in the present work using both methods described in However, for these transitions, although non-negligible discrepancies subsist, our HFR þCPOL results tend toward better agreement with the available experimental gfvalues than those obtained with the oscillator strength parametrization approach. This is confirmed by the quite good agreement between the HFR þCPOL lifetimes and laser spectroscopy measurements previously reported [4] for the odd-parity levels involved in the corresponding transitions, i.e. those situated at 37,171 cm À 1 (J ¼5/2) and 37,788 cm À 1 (J¼7/2).
The comparison between oscillator strengths calculated in the present work using our two semi-empirical approaches is illustrated in Fig. 1 for Zr II transitions with log gf o À 2.0. It is not worth making the comparison for weaker transitions since most of them were found to be affected by large cancellation effects in the HFR þCPOL line strength calculations, indicating that those results could be affected by large uncertainties. It is clear from this figure that, if a satisfactory agreement between both sets of results is found for a large number of lines, rather large discrepancies subsist in several cases, in particular for weak transitions characterized by log gf-values smaller than À 1.0. Each set of our semi-empirical results is separately compared with available experimental data in Figs. 2 and 3 . When looking at those figures, it is found that both the oscillator strength parametrization and the pseudo-relativistic Hartree-Fock methods lead to radiative rates of the same order of accuracy for an atomic system so complex as that of singly ionized zirconium.
Conclusion
Advances in the measurement of oscillator strengths are due both to the introduction of new techniques-in particular, fast-beam and laser spectroscopy-and to the technological improvement of the classical methods: a large number of astrophysically important transition probabilities have in fact been determined and moreover a notable improvement in precision has been brought; consequently the first measurements of solar abundance of most iron-group elements had been revised. Theoretically a large number of methods arised from investigations of the structure of stellar atmospheres based on reliable laboratory transition probabilities. We propose in this work two semi-empirical ways to express the strengths of Zr II optical transitions and to compare obtained data. A good agreement is observed between results obtained by these two approaches since one can see really bisecting line plots in Figs. 1-3 . Furthermore these two methods confirm the well-founded basis of experimental data found in literature [5] . 
